Numerous results on self-reciprocal polynomials over finite fields have been studied. In this paper we generalize some of these to aself reciprocal polynomials defined in [4] . We consider the properties for the divisibility of a-reciprocal polynomials, estimate the number of all nontrivial a-self reciprocal irreducible monic polynomials and characterize the parity of the number of irreducible factors for a-self reciprocal polynomials over finite fields of odd characteristic.
Introduction
Self-reciprocal polynomials over finite fields are of interest both from a theoretical and a practical viewpoint, so they are widely studied by many authors. Let S q (n) denote the number of self-reciprocal irreducible monic(srim) polynomials of degree 2n over F q . Carlitz proposed the following formula and Meyn gave a simpler proof of it; see [3, 6, 8] .
if q is odd and n = 2 s ,
Using the Stickelberger-Swan theorem, Ahmadi and Vega characterized the parity of the number of irreducible factors of a self-reciprocal polynomials over finite fields; see [2] . In [10] , Yucas and Mullen classified srim polynomials based on their orders and considered the weight of srim polynomials. The problems concerning to the existence of srim pentanomials and the number of srim polynomials with prescribed coefficients have also been considered, see [1, 5] . On the other hand, in [4] Fitzgerald and Yucas introduced and characterized the generalized reciprocal polynomials to gave new descriptions of the factors of Dickson polynomials over finite fields.
In this work we find some properties for the divisibility of generalized reciprocal and generalized self-reciprocal polynomials. We also study the number of generalized srim polynomials and the parity of the number of irreducible factors of generalized self-reciprocal polynomials.
Throughout, q = p e be an odd prime power, F q be a finite field containing q elements and 0 = a ∈ F q . For f (x) ∈ F q , a monic polynomial of degree n with
is also monic and if α is a root of f (x) then a/α is a root off a (x). The case a = 1 is a usual reciprocal in [2, 8, 10] .
Divisibility of generalized reciprocal polynomials
In this section we summarize some properties for the divisibility of generalized reciprocal and generalized self-reciprocal polynomials over F q .
Theorem 1 a-reciprocal of a product of two polynomials is the product of a-reciprocals of given polynomials.
is said to be a-self reciprocal when f a (x) = f a (x). In [4] , the notion of a-self reciprocal polynomial has been defined for only even degree. Note that f (x) = n i=0 b i x i is a-self reciprocal if and only if for each i, b n−i b 0 = b i a i . When i = n, we see that b 2 0 = a n . First consider a case when n is odd. If a n and thus a is not a square in F q , then there is not any a-self reciprocal monic(srm) polynomial of degree n. When 0 = a ∈ F q is a square in F q , if f (x) is a-srm polynomial then either b 0 = √ a n or b 0 = − √ a n .
Theorem 2 Let n be an odd, 0 = a ∈ F q be a square in F q and f (x) ∈ F q be a-srm polynomial of degree n.
The second case follows similarly. ✷ Corollary 1 If 0 = a ∈ F q is a square in F q , then x + √ a and x − √ a are only a-srim polynomials of odd degree over F q .
Next let n be an even, that is, n = 2m. f (x) = 2m i=0 b i x i is said to be trivial or nontrivial respectively, according to
is a multiple of x 2 − a. Therefore x 2 − a is only a trivial a-srim polynomial. Lemma 1 x 2 − a is a trivial a-srm polynomial and x 2 − a 2 is a nontrivial one.
Lemma 2
The product of two a-srm polynomials satisfies the following multiplication table.
The proof of above lemmas are very simple so we omit.
is a-srm polynomial of even degree, then it can be written as
, where g(x) is a nontrivial a-srm polynomial not divided by x 2 − a and
is nontrivial by Theorem 1 and above lemmas. And if f (x) is nontrivial, then f 1 (x) is trivial, so it is divided by x 2 − a and it can be written as f (x) = x 2 − a 2 · f 2 (x). Again from above lemmas f 2 (x) is nontrivial. Continuing this procedure implies the claim.
, then there might be a-srm polynomial which is not divided by x 2 − a but has a root
is a nontrivial 4-srm polynomial which is not divided by x 2 − 4 but f (2) = 0 and g(x) = x 6 + 3x
is a nontrivial 4-srm polynomial which is not divided by x 2 − 4 but g(3) = 0.
be a nontrivial a-srm polynomial of degree n = 2m and a be a square in
, where k is even and g(x) is a nontrivial a-srm polynomial with g ( √ a) = 0.
is divided by x − √ a and thus we can write as
It is clear that (x − √ a) 2 is a nontrivial a-srm polynomial, hence f 2 (x) is a nontrivial a-srm polynomial of degree n − 2. Continuing this procedure for f 2 (x) complete the proof. ✷ When a is a square in F q , from this theorem the consideration of nontrivial a-srm polynomials not divided by x 2 − a is reduced to the case of ones without roots √ a and − √ a.
3 The number of a-srim polynomials over finite fields
In this section we generalize some results of Section 2.7 in [6] . For a positive integer n, denote H n,q (x) := x q n +1 − a.
Theorem 5
If a is a square in F q , then H n,q (x) is divided by x 2 − a and if a is not a square in F q , then H n,q (x) is divided by x 2 − a if and only if n is even.
. Similarly H n,q (− √ a) = 0 and thus
If a is not a square in F q , then x 2 − a is irreducible over F q and by [7, Lemma 2.12, 2.13],
which complete the proof. ✷ By this theorem, whether H n,q (x) is divided by x 2 −a depends on whether one of the following conditions holds.
a) a is a square in F q b) a is not a square in F q and n is even. Theorem 6 (1) H n,q (x) is divided by any nontrivial a-srim polynomial of degree 2n over F q .
(2) Each irreducible factor f (x) of degree ≥ 2 of H n,q (x) such that f (x) = x 2 − a is a nontrivial a-srim polynomial of degree 2d, where d|n and n/d is odd.
P roof . (1) (2) , let α be a root of f (x). Then α q n +1 = a, that is, α q n = a/α which implies that f (x) =f a (x). From Corollary 1, f (x) has even degree 2d. If a/α = α then α 2 = a and f (x) divides x 2 − a, a contradiction. Hence f (x) is a nontrivial a-srim polynomial. Since f (x) is irreducible,
are the different roots of f (x) and thus
which implies that α ∈ F q 2n . From the definition of conjugates, 2d|2n hence d|n. But from (1), f (x) is a divisor of H d,q (x). Now suppose that n/d is even, that is, n = 2kd. Then α q 2d = α and
which would contradict the assumption. Therefore n/d is odd. ✷ We use the similar notation as in [6] for a-srim polynomials , that is, SI n,q (x) and si(n, q) are respectively the product and the number of all a-srim polynomials of degree 2n over F q and
Under these notations, we have the following easily.
Now consider a formula for the number of all nontrivial a-srim polynomials of degree 2n over F q .
Lemma 3 [6, Theorem 2.7.2] Let f and F be two functions from N to an additive group G. Then the following conditions are equivalent.
where µ is Möbius function.
Let G be a multiplicative group of all rational functions over F q , and set
Then from above lemma and corollary we have
Theorem 7 If n = 1 then si(n, q) = (q − 1)/2, a is a square in F q (q + 1)/2, otherwise (4) and if n > 1 then
P roof . If n = 1 then b) can not hold. So δ = −1 if a is a square in F q and δ = 1 otherwise, hence (4) follows from (3). On the other hand, it follows
from the properties of Möbius function. If n > 1 then we have from (3) si(n, q) = 1 2n
If n = 2 k (k ∈ N), then si(n, q) = (q n − 1) /2n because 1 is unique odd divisor of n and δ = −1. In other cases the claim immediately follows from (6) and (7). ✷ 4 The parity of the number of irreducible factors of generalized self-reciprocal polynomials
be a nontrivial a-srm polynomial of degree 2n with r pairwise distinct irreducible factors over F q . Then r ≡ 0 (mod 2) if and only if (−1) n a n(n−2) f ( √ a) f (− √ a) is a square in F q , where √ a is a square of a in some extension of F q .
is the Dickson polynomial [4] . Clearly f (0) = a n = 0 and by properties of the resultant, R(f, f ′ ) = R(f, nf − xf ′ ). Since
On the other hand, since x i is a root of f (x) if and if x i + a/x i is a root of g(x) and
Required result follows from Stickelberger theorem [9] (See also [1, Theorem 4] 
and if n is even then
b 2n−2i a n−i + b n a n/2 , B = 2
is a nontrivial a-srm polynomial of degree 2n. This is a natural generalization of f Q (x) in [8] and it has been mentioned in [4] , too.
is either a-srim polynomial or a product of a-reciprocal pair of irreducible polynomials of degree n which are not a-self reciprocal. P roof . Let α be any root of f Q a (x). Then β = α + a/α is a root of f (x), so β q n = β. Here n is the smallest positive integer k with β q k = β. Multiply α q n to both sides of the identity
and so α q n +1 − a α q n −1 − 1 = 0.
Hence α q n +1 = a or α q n −1 = 1. When α q n +1 = a, the irreducible factor g(x) of f Q a (x) with a root α had degree ≥ 2 because if g(x) has degree 1, then a is a square in F q and g(x) = x ± √ a which contradict to f (
is a nontrivial a-srm polynomial of degree 2d for a positive divisor of n. If we assume d < n then α q d +1 = a, so β q d = β, a contradiction. Hence d = n and f Q a (x) is irreducible over F q . When α q n −1 = 1, the irreducible factor g(x) of f Q a (x) with a root α divides x q n − x and the degree of g(x) is n. Therefore f Q a (x) is a product of two n-degree irreducible polynomials g(x) and h(
is a nontrivial a-srim polynomial, then α q n/2 +1 − a = 0 which contradicts to the minimality of n . So g(x) and h(x) are not a-self reciprocal. And if f Q a (x) has a root α then it also has a root a/α, which implies easily that h(x) is a-reciprocal of g(x). ✷ Finally we consider whether Theorem 8 is valid if f (x) has repeated irreducible factors.
Theorem 10 Let f (x) ∈ F q [x] be a nontrivial a-srm polynomial of degree 2n with f ( √ a) f (− √ a) = 0, and let r be the number of irreducible factors counted with multiplicity of f (x). Then r is even if and only if (−1) n a n(n−2) f ( √ a) f (− √ a) is a square in F q .
P roof . Like as in the proof of Theorem 8, there exists g(x) ∈ F q [x] such that f (x) = x n g(x+a/x). Suppose that g(x) = g 1 (x) · · · g k (x) where g i (x) ∈ F q [x] is monic irreducible polynomial of degree n i and n 1 + · · · + n k = n. Denote f i (x) = x n i g(x + a/x), then f (x) = f 1 (x) · · · f k (x) where every f i (x) is a nontrivial a-srm polynomial of degree 2n i over F q . By Theorem 9, every f i (x) is either irreducible or a product of two distinct monic irreducible polynomials of degree n i . Now suppose that the claim holds for two nontrivial a-srm polynomials g(x), h(x) of degree 2s, 2t with r s , r h irreducible factors counted with multiplicity respectively over F q . If both r s and r h are odd, then neither (−1) s a s(s−2) g ( √ a) g (− √ a) nor (−1) t a t(t−2) h ( √ a) h (− √ a) is a square in F q , hence (−1) s+t a (s+t)(s+t−2) g ( √ a) g (− √ a) h ( √ a) h (− √ a) is a square in F q . Similar observation about other cases for r s and r h tell us the claim is also valid for g(x)h(x). It is sufficient to apply Theorem 8 to complete the proof. ✷
